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NUMERICAL SOLUTION OF THE UNSTEADY NAVIER-STOKES EQUATIONS 


AND APPLICATION TO FLOW IN A RECTANGULAR CAVITY 


WITH A MOVING WALL 


by Leo F. Donovan 


Lewis Research Center 


SUMMARY 

A computer program to solve the unsteady, two-dimensional, incompressible 
Navier-Stokes equations was written in FORTRAN IV. The numerical method makes use 
of an iterative solution of a Poisson's equation for pressure  followed by an explicit cal
culation of velocities. The computer program is included as an appendix. 

Unsteady flow in a two-dimensional, rectangular cavity with the upper wal l  moving 
at constant velocity is investigated using the computer program. The calculations start 
with the fluid at res t  in the cavity and continue until no further changes in velocity occur. 
Results for cavities with aspect ratios of 1/2, 1, and 2 a r e  presented for  a Reynolds 
number of 100. For  a square cavity, results are also given for  several  Reynolds num
bers  between 100 and 500. Velocities calculated from the unsteady Navier-Stokes equa
tions at large times a r e  compared where possible to velocities calculated from the steady 
Navier-Stokes equations and to the results of steady experiments; good agreement is 
shown. 

A technique for  conducting a numerical flow visualization experiment in conjunction 
with the solution of the Navier-Stokes equations is described. The results of the experi
ment are recorded on film which can be shown as a motion picture. Selected frames 
from the motion picture made during the investigation of cavity flow a r e  reproduced in 
this report  to illustrate this method of data presentation. 

INTROD UCTlON 

The availability of large, high-speed computers allows us to attack some formidable 
and interesting problems. One such area of research is in the solution of nonlinear par
tial differential equations describing physical phenomena. Analytic solutions can only be 



obtained f o r  certain special cases. In addition, the nonlinearity of the equations makes 
them much more difficult to solve numerically than linear equations. However, some 
progress  has been made. The book by Ames (ref. 1)summarizes much of this work. 

An additional difficulty with numerical solutions of partial  differential equations is 
that they provide a mass  of detailed information that is very hard to assimulate and 
understand. In order  to  overcome this problem Fro” and Harlow (ref. 2)have devised 
a visual display technique for  presenting the results of their  fluid dynamics calculations. 
This technique is analogous to a flow visualization experiment in the laboratory, in which 
a t racer  is introduced into a fluid to make the flow visible. 

Fluid motion is governed by the continuity equation and Navier-Stokes equations, 
expressing conservation of mass  and momentum. Almost all the numerical solutions of 
these equations have been for  two-dimensional flows. Some investigators have trans
formed the equations to s t ream function and vorticity coordinates. Pearson (ref. 3) ,  for  
example, has treated rotating disks in this manner. Other investigators have chosen to 
retain velocity and position coordinates. Work by Harlow and coworkers (ref. 4) on f r ee  
surface flows falls in this category. Since Harlow’s method has the advantages of com
bining a successful numerical technique with visual display we have used it without the 
free-surface feature in our studies. 

The results of a numerical investigation of incompressible flow in a square cavity at 
a Reynolds number of 100 are presented in reference 5 .  The present report  describes 
an extension of the technique to rectangular cavities and higher Reynolds numbers. The 
differential equations describing unsteady, incompressible flow a r e  discussed first. The 
corresponding difference equations a r e  then derived and the numerical method used to 
solve them is presented. The method is then used to calculate the startup of flow in a 
rectangular cavity with a moving wall. 

An advantage of the technique is that unsteady results a r e  obtained. However, since 
no unsteady experimental results or pr ior  calculation for  cavity flow a r e  available, only 
comparisons at steady conditions a r e  possible. Results for  rectangular cavities with 
aspect ratios of 1/2 and 2 a r e  presented for a Reynolds number of 100. For  flow in a 
square cavity, results are given for Reynolds numbers f rom 100 to 500. 

ANALYS IS 

Differential Equations 

Conservation of mass  and momentum a r e  expressed by the continuity equation and 
Navier-Stokes equations, respectively. For  constant density and viscosity the two-
dimensional forms of these equations for  a Newtonian fluid a r e  (ref. 6) 
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In these equations ii and V a r e  the velocity components in the E and 7 directions,-
P is the pressure,  and Ex and 2

Y 
a r e  the body forces in the E and 7 directions. 

The overbars are used to denote dimensional quantities. 
The equations can be made dimensionless with a reference velocity w,a reference 

length and the fluid viscosity V by the following substitutions: 

-
P c p = 

-2
PW 

LgX LgYgx = - gy = w2 w2 
The viscosity v is thus the reciprocal of the Reynolds number. 

The dimensionless forms of equations (1) to (3) then become 



The continuity equation can be used to write equations (6) and (7) in forms such that 
the resulting finite difference equations will rigorously conserve momentum (see ref. 4). 
Thus 

lf the x- and y-momentum equations are differentiated with respect to x and y, 
respectively, and the results are added and rearranged, the following Poisson's equation 
for  pressure  is obtained 

The first t e rm to the right of the equality sign in this equation is the time derivative of 
the left s ide of the continuity equation and, as such, should be  zero. However, since the 
continuity equation will not be satisfied exactly, this t e rm is retained as a correction. 

Finite Difference Equations 

Computational mesh. - The finite difference mesh is shown in figure 1. The posi
tions of the variables a r e  chosen s o  that vertical walls pass through positions where the 
u-component of velocity is defined, horizontal walls pass  through positions where the 
v-component of velocity is defined, and pressures  are cell-centered. These positions 
have been chosen to facilitate application of the boundary conditions. 

If it is necessary to evaluate one of the variables at a position where it is not de
fined, an average is used. Fo r  example, 
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(A) ENTIRE MESH. 

pi, j 
i "i,j+1/2 

"it1/2, j 

( B )  TYPICAL CRL.  

F igu re  1. - Computational mesh. 

For  conciseness, however, t e rms  such as u. 
1, j wi l l  be retained in the equations through

out the remainder of this section. 
Representation of derivatives. - When converting the differential equations to finite- ~ -

difference form, centered differences are used to represent derivatives. Fo r  example,
h /ax  and a2u/ax2 are approximated at the point ( i , j )  by 

and 
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When the derivative of a product of undefined quantities is formed, the product is differ
entiated and then averages are formed. For example, a2(uv)/ax ay at the point (i,j )  is 
replaced by 

A typical average is then 

Difference equations. - If the abbreviation-

is introduced, the finite difference form of the continuity equation can be written as 

d. 	 = 0 
1,j 

Formally, the t ime derivative of the continuity equation is then 

where the superscripts n + 1 and n refer to the advanced time and the current time, 
respectively. Hereinafter, the lack of a superscipt will indicate the current time. 

The finite difference Poisson's equation fo r  pressure can be  obtained from equa
tion (10) 

vi, j - (6xl 2  

1 

6y'2) 

j - 1  + vi+l,j + Pi-1, j 
+ r.

1, j) (16)-

2 -+- 6Y2 

where 
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1 2 
i , j  = - (Ili, j+l - 2u; , J. + u2i , j - 1  )

6 X  

1 2 2 2 1+ - (vi+l, - 2v.1, j + vi-1, j) - at di, j 
6Y2 

The final t e r m  arises because equation (16) will be solved iteratively and therefore the 
continuity equation will not be satisfied exactly. The discrepancy dn from the cur

1, j
rent t ime is used as a correction during the calculations at the advanced time. Since it 
is desired that the continuity equation be satisfied as closely as possible a t  the advanced 
time, the d r 1  are set to  zero.  If the correction t e rms  were not included in equa

, J
tion (16), the pressure iteration would have to be carr ied further;  this would require 
more  computer t ime than the technique used here. Hirt and Harlow (ref. 7)  discuss the 
use of a correction t e rm in more detail. 

The finite difference forms of equations (2)  and (3 )  fo r  the velocities a r e  

f 

I

- _1 
.(ui+l,j+1/2 - 2u.1,j+1/2 + ui-l,j+1/2 ) 
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These two equations a r e  solved at each time step after the pressure has been determined. 

Initial and Boundary Conditions 

The specific problem to be solved will determine the initial and boundary conditions. 
At a no-slip wall the tangential component of velocity is equal to the wal l  velocity; if the 
wal l  is impermeable, the normal component of velocity is zero. At sl ip walls (i.e., 
planes of symmetry) the normal component of velocity is zero and the normal gradient of 
the tangential component is zero. If fluid is entering and leaving the computing region, 
sufficient information must be provided at the inlet and outlet to make the problem deter
minant. If the fluid starts from rest ,  the initial conditions a r e  simply that the velocities 
are everywhere zero and the pressure is uniform. 

For  cavity flow, which is discussed later in this report, the appropriate boundary 
conditions are no-slip, impermeable walls. One of the walls is moving at constant ve
locity and the other three walls are stationary. 

No-slip wall. - Fictitious tangential velocities outside the cavity are defined because 
they are needed when equations (16) to (19) a r e  solved for  the row of cells just inside the 
cavity. These fictitious tangential velocities are defined so that the interpolated values 
of velocity at the wall satisfy the no-slip boundary condition. The fictitious velocities 
a r e  calculated at each time step, after the velocities inside the cavity have been evalu
ated. 

For  a vertical wall at j - (1/2), figure 2(a), the fictitious velocity 
j-l

would be evaluated so that 
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where the constant is the wall velocity, which is zero for a stationary wall o r  unity for  
the moving wall. 

Similarly, for  a horizontal wall  at i - (1/2), figure 2(b), the fictitious velocity 

ui-l,j-1/2 would be evaluated so that 

where the constant is again the wall velocity. 

(A)  VERTICAL WALL. (B )  HORIZONTAL WALL. 

Figure 2. - Boundary conditions. 

.~Impermeable wall. - The normal velocity at an impermeable wall can be written 
directly. For  a vertical wall at j - (1/2), figure 2(a), 

Fo r  a horizontal wall at i - (1/2), figure 2(b), 

Pressure .  - Fictitious pressures  outside the cavity are also defined because they 
are needed in the solution of equation (16) for  the row of cells just  inside the cavity. The 
Navier-Stokes equations can be evaluated at the walls to determine the fictitious pres
su res  since the normal component of velocity is always zero at an impermeable wall. 

F o r  a left stationary wall at j - (1/2), figure 2(a), the fictitious pressure  (pi, j - l  can 
be calculated from equation (1'8) as 
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-vi, j - 1 -
-

pi, j + 

2 v- (vi+1/2, j vi-1/2, j )6Y 

For  a stationary bottom wall at i - (1/2), figure 2(b), the fictitious pressure Pi, j Can 
be  calculated from equation (19) as 

The velocities are known, either f rom the initial condition or the previous time cycle. 

Numerical Flow Visualization Experiment 

The traditional way of presenting the results of experimental o r  numerical fluid 
mechanical investjgations is not the best  way of helping one form a coherent, overall 
picture of a complicated flow situation, especially if  the flow is unsteady. Flow visual
ization experiments, in which a t r ace r  is introduced into the fluid to make its movement 
visible, have been designed to overcome this difficulty in the laboratory. A numerical 
analog of a laboratory flow visualization experiment offers the same  advantages for  nu
merical  fluid dynamics studies. The technique devised by Fromm and Harlow (ref. 2) 
employs special marked particles that move with the fluid as the t racer .  A microfilm 
recorder  is used to photograph the marked particles displayed on a cathode ray  tube. 
The sequence of photographs, when viewed as a motion picture, shows the behavior of 
the fluid clearly. The marked particles se rve  only to make the flow visible and do not 
enter into the solution of the Navier-Stokes equations. 

The flow visualization experiment is conducted as follows: At the start of the calcu
lation an initial uniform distribution of either one or four particles per  cell  is imagined 
to be distributed throughout the fluid. Particles at these positions a r e  displayed as 
smal l  plus signs on the cathode ray tube and are then photographed. Thereafter, at each 
time step in  the calculation, the particles a r e  moved with velocities appropriate to their  
location and time, displayed on the cathode ray tube, and photographed. 

The distance a particle is moved is simply the product of the velocity at its current 
location and the time interval over which that velocity is assumed to exist (i.e., the time 
step in the solution of the Navier-Stokes equations). Since the particles will not in gen
eral be located precisely at positions where the velocities a r e  known from the solution of 
the Navier-Stokes equations, a way of estimating their  velocities is needed. The com
ponents of the velocity of a particle a r e  calculated as the weighted averages of the veloci
t ies at the four closest positions at whjch those velocities are defined. Since u and v 
velocities a r e  defined at different positions, velocities at eight positions will be  involved 
in the movement of one particle. The weight assigned to a velocity is inversely propor

10 




(I.,) VELOCITY COMPONENT U. 

( S i  VELOCITY COMPONEI!T v. 

F igure  3. - Calculat ion of part ic le 
velocity. 

tional to its cl is lxnc.c> lroni the particle in question. Figure 3 shows a typical particle 
and the ve1oc.ilic.s that are used to estimate the particle velocity. 

A liliii (C-271)  entitled "Computer- Generated Flow-Visualization Motion Pictures" 
A request card and a description of the film a r e  in-shows how this technique is used. 

cluded at  the back of this report .  

CAVITY FLOW 

Background 

As a specific example of a problem that can be solved with the technique presented 
i n  this report ,  consider the startup.of flow in a long groove, over which an endless belt 
is drawn at  constant velocity. A cutaway view of such a groove is shown i n  figure 4 .  
This situation, which is difficult to study experimentally without disturbing the flow, has 
relevance in bearing and sea l  studies, where it is the limiting case of a spiral  groove 
seal .  In this case, the results of interest  would be the integrated pressure over the 
belt, which is the net lift, and the minimum pressure,  which would indicate whether 
cavitation would be a problem. 
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Figure 4. - Cutaway view of groove and belt. 

If the groove is long enough, the flow at each cross  section, except near an end, 
will be the same. Steady flows such as this have been investigated experimentally and 
numerically s o  that comparison with pr ior  work is possible. 

If the upper surface of a fluid-filled cavity is moving in its own plane with constant 
velocity, a circulatory motion of the fluid is set up within the cavity. Time-exposure 
photographs have been taken (refs. 8 and 9) of flows into which a t r ace r  has been injected 
so that the qualitative features of the steady flow a r e  known. F o r  cavities with aspect 
ratios (i.e., depth/width) of 1o r  less, most of the fluid rotates about a point - the vor
tex center - where the vector velocity is zero. The main vortex occupies most of the 
cavity but small, weak, counterrotating vortices exist in both lower corners. Fo r  a 
cavity with an aspect ratio of 2, there is, in addition, a large, weak, counterrotating 
vortex occupying most of the lower portion of the cavity. 

Steady flow in a two-dimensional cavity has been analyzed (refs. 8 and 10 to 15) by 
numerically solving the steady Navier-Stokes equations. Burggraf (ref. 12) has also 
obtained an analytic solution to the linearized problem for an eddy bounded by a circular 
streamline. The start ing flow problem, the fluid being initially at rest, was considered 
by Greenspan (ref. 16); however, only steady results were presented. 

The technique devised by Harlow (ref. 4)  for  calculating f r ee  surface flows was  used 
in reference 5 to solve the problem of unsteady flow in a square cavity at a Reynolds 
number of 100. The calculations were carr ied out until velocities were no longer 
changing, at which point they were in excellent agreement with a numerical solution of 
the steady Navier-Stokes equations. In addition, the terminal position of the unsteady 
vortex center agreed wel l  with the position of a vortex center estimated from a time-
exposure photograph of a steady vortex. 

12 




The parameters of interest  are the aspect ratio of the cavity and the Reynolds num
be r  of the flow. Cavities with aspect ratios of 1/2, 1, and 2 are studied a t  a Reynolds 
number of 100. Flows with Reynolds numbers between 100 and 500 a r e  investigated in a 
square cavity. 

Remarks 

For cavity flow it is convenient to choose the length and velocity of the moving wal l  
as the reference length and velocity used to make the Navier-Stokes equations dimen
sionless. The cavity is assumed to be  bounded by no-slip, impermeable walls. The 
fluid is at rest at the start of the calculation and the value for  the initial uniform pres
s u r e  is chosen to be unity. The reference location for  pressure,  where a value of unity 
is maintained, is the center of the wall opposite the moving wall. 

Space increments of 0.05 and a time step of 0.02 were found to be satisfactory for  
Reynolds numbers from 100 to  500. Some of the calculations were also performed with 
space and time increments halved, and essentially the same  results were obtained. Ap
proximate stability cr i ter ia  are discussed in  appendix B. 

A difficulty with particle movement a rose  when a particle was near a wall  where the 
boundary layer was very thin. It was noticed that particles tended to congregate along 
the upper part  of the right wall. Then a crescent-shaped region devoid of particles 
formed along most of the remaining par t  of the right wall and extended into the cavity. 
In order  to  circumvent this problem the calculation of tangential velocity components of 
particles within half a mesh spacing of a wall was modified. 

A possible velocity profile in a thin boundary layer is marked "actual" in figure 5 .  
If a particle is located at position P, for example, the interpolation scheme for  particle 
movement using four mesh-point velocities underestimates particle velocity. If only the 
two mesh-point velocities within the cavity are used, particle velocity is overestimated. 
For the profiles shown in figure 5 ,  however, the two-point interpolation is superior. 
This two-point interpolation scheme was used for  particles within half a mesh spacing of 
a wall, and no further anomalous particle motion w a s  noted. 

About 1/2 minute of IBM System/360 Model 67 computer time was required per  di
mensionless time regardless of Reynolds number for a square cavity. However, longer 
runs were necessary to reach steady conditions a t  larger  Reynolds numbers. The c r i 
terion of steady conditions we have used is that the position of the vortex center change 
less than 1 percent over a period of 5 dimensionless time units. For  a Reynolds number 
of 100 this occurred at about a dimensionless time of 10; for  a Reynolds number of 500, 
it was not reached until about a dimensionless time of 2 5 .  For  cavities of aspect ratio 
1'2 o r  2. the number of mesh points in the longer direction was doubled and about twice 
as long a running time a s  for the square cavity was needed. 

13 
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TANGENTIAL 
VELOCITY 

Horizontal  
0 position 

-"P,CTU,.L" VELOCITY PkOFlLE 
II'!TER POLLTED VELOCITY 

PROFILE, USIKG FOUR 
MESH-POINT VELOCITIES __-- INTERPOLATED VELOCITY PRO
FILE, USING TWO MESH-
POINT VELOCITIES 

0 "L~CTUAL" P;ti?TICLE VELOCITY 
0 PtiRTlCLE VELOCITY C.'.LCU-

LI-,TED FROM FOUR MESH-
POINT VELOCITIES 

D PARTICLE VELOCITY CALCU-
LI-~TED FROM TWO MESH-
POINT VELOCITIES 

F igure  5. -Ca lcu la t ion  of part ic le velocity in a t h i n  boundary layer on a tdall. 

D i scuss ion of ResuIts 

Cavity flow is characterized by the aspect ratio and the Reynolds number. Aspect 
ratio is the cavity depth divided by the cavity width. Reynolds number is the product of 
the length and velocity of the moving wall divided by the fluid viscosity. 

--~ _ _ ~ _ _ _ _ _  100. - Figure 6 is a time-exposure photographAspect ratio, 1/2; Reynolds number, 
(ref. 8) of a steady vortex in a cavity with aspect ratio of 1/2 at a Reynolds number of 
100. Washing powder has been added to oil to make the flow visible. A tape is pulled 
across  the cavity to provide the moving surface. Figure 7 compares the position of the 
vortex center estimated from this photograph with the position calculated by Zuk and 
Renkel (ref. 15) f rom the steady Navier-Stokes equations and with the position deter
mined from the unsteady Navier-Stokes equations at large time. The numerical solutions 
are in good agreement with the experimental value. The path of the instantaneous posi
tion of the vortex center is also shown; i t  starts under the midpoint of the moving wall, 
shifts downstream (i.e . ,  in the direction of movement of the wall) and into the cavity, 
and turns upstream slightly to attain i t s  terminal position. 

Figures 8 and 9 compare terminal velocities f rom the solution of the unsteady 
Navier-Stokes equations with velocities calculated from the steady Navier-Stokes equa
tions (ref. 15). The comparisons are shown as velocity t raverses  through the vortex 
center; figure 8 shows velocity parallel to the moving wall in the vertical t raverse  and 
figure 9 shows velocity perpendicular to the moving wall in the horizontal t raverse .  In 
both figures the agreement is good. 
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F igu re  6 .  - Time-exposure photograph of vortex in cavity of aspect rat io 112. Reynolds number,  100. (From ref. 8.) 
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Figure 7. - Position of vortex center in cavity of Figure 8. - V e r t i c a l  velocity t raverse t h r o u g h  vortex center in 
aspect rat io 112. Reynolds number, 100. cavity of aspect rat io 112. Reynolds number, 100. 
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Figure 9. - Horizontal  velocity t raverse t h r o u g h  vortex center in 
cavity of aspect rat io 1/2. Reynolds number, 100. 
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Figure 1G. - Position of vortex centers in cavity of aspect rat io 2. 
Reyno i i s  number,  100. 

Aspect ratio, 2; Reynolds ._number, 100.  - Two large vortices exist when the aspect 
ratio of the cavity is 2. Figure 10 compares the terminal positions of vortex centers 
calculated from solutions of the steady and unsteady Navier-Stokes equations a t  large 
t imes for  a Reynolds number of 100. The authors of reference 15 calculated the steady 
case for comparison with the unsteady result. The numerical solutions a r e  in good 
agreement with each other; no experimental value is available for  comparison. The 
path of the instantaneous position of the upper vortex center is also shown and is s imilar  
to the path for cavities with aspect ratios of 1/2. 
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Figure 11. - V e r t i c a l  velocity traverse t h r o u g h  upper vortex 
center in cavity of a3pect rat io 2. Eeynolos number, 100. 
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Figure 12. - Hor izontal  velocity t raverse t h r o u g h  upper vortex 
center in cavi ty of aspect rat io 2. Reynolds number,  100. 

Figures 11 to  14 compare t raverses  of terminal velocities calculated from the un
steady Navier-Stokes equations with velocities calculated from the steady Navier-Stokes 
equations. The agreement between the solutions is good. Figures 11 and 12 are t ra 
verses  through the upper vortex center. It can be seen that the flow in the upper par t  of 
the cavity is s imilar  to the flow in the cavity with an aspect ratio‘of 1/2 shown in figures 
8 and 9. Figures 13 and 14 are t raverses  through the lower vortex center. The flow in 
the lower par t  of the cavity is much slower (about two orders  of magnitude) than in the 
upper part .  
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Figure 13. -Ve r t i ca l  velocity t r a v i r s c  t h r o u g h  lower vortex 
center in cavity of aspect rat io 2. Reynolds number, 100. 
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center in cavity of as;)ect ratio 2. Reynolds number,  10G. 
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Figure 15. - Time-exposure photograph of vortex in square cavity. Reynolds number,  100. (From ref. 8.) 

Square cavity. - Figure 15 is a time-exposure photograph (ref. 8) of a steady vortex 
in a square cavity at a Reynolds number of 100 from which the position of the vortex cen
t e r  can be estimated. Figure 16 compares this estimate with the positions determined 
from two numerical solutions of the steady Navier-Stokes equations (refs.  12 and 15) and 
the unsteady Navier-Stokes equations at large t imes.  The agreement among these vari
ous methods is excellent. The path of the instantaneous position of the vortex center is 
also shown; it is similar to the paths for cavities with aspect ratios of 1/2 and 2. 

Figures 17 and 18 compare terminal velocities from the solution of the unsteady 
Navier-Stokes equations with velocities calculated from the steady Navier-Stokes equa
tions (ref. 15). The curves, showing t raverses  through the vortex center, a r e  s imilar  
to those already presented for  a cavity with an aspect ratio of 1/2. The agreement be
tween the solutions is excellent. The flow in this square cavity is s imilar  to the flows 
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Figure 16. - Position of vortex center in square cavity. Reynolds 
number. 1CO. 
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Figure 17. - Vert ical  velocity t raverse t h r o u g h  vcrtex center 
in square cavity. Reynolds number, 100. 
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Figure 18. - Horizontal  velocity t raverse t h r o u g h  vortex center 
in square cavity. Reynolds number, 100. 
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F igu re  19. - Vert ical  velocity t raverse t h r o u g h  vortex center 
in square cavity. 

in the cavity with an aspect ratio of 1/2 and the upper par t  of the cavity with an aspect 
ratio of 2. 

Figures 19 and 20 show how velocity t raverses  through the vortex center change as 
Reynolds number is increased from 200 to 400 in a square cavity. Fo r  larger Reynolds 
numbers the extent of the inviscid portion of the flow is greater .  This is shown by the 
increased portion of the velocity profile that is linear about the vortex center. The only 
pr ior  calculation available f o r  comparison (ref. 12), a vertical t raverse  f rom a solution 
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Figure 20. - Horizontal  velocity t raverse t h r o u g h  vortex center 
in square cavity. 
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Figure 21. - V e r t i c a l  velocity t raverse t h r o u g h  vortex center  in 
square cavity. Reynolds number, 400. 

of the steady Navier-Stokes equations at a Reynolds number of 400, shows good agree
ment in figure 2 1  with the solution of the unsteady Navier-Stokes equations at  large 
times. 

Figures 22 and 23 show velocity t raverses  through the vortex center in a square 
cavity f o r  a Reynolds number of 500 at various times. It can be seen that a t  successive
ly larger t imes the inviscid portion of the flow occupies progressively larger  fractions of 
the cavity. 
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Figure 24. - Pressure d is t r ibu t ion  in square cavity. Reynolds number, 500. 
Dimensionless time. 
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Figure 24 shows three-dimensional plots of the pressure fields for  a Reynolds num
ber of 500 and the s a m e  times as the velocity t raverses  shown in figures 22 and 23. At 
the upper left corner  of the cavity the pressure  is below the reference pressure.  The 
pressure  rises along the moving wall, reaching a value greater  than the reference pres
s u r e  near the upper right corner on the last frame. A local minimum exists at the vor
tex center. The pressure  fields fo r  lower Reynolds numbers were s imilar  to those 
shown in figure 24, but the minimums and maximums along the moving wall were more 
pronounced. 

Figure 25 shows the effect of Reynolds number on the positions of the unsteady vor
tex centers as well as the terminal positions of the vortex centers for  several  Reynolds 
numbers f rom 100 to  500 in a square cavity. Increasing the Reynolds number shifts the 
terminal position of the vortex center upstream and far ther  into the cavity. These posi
tions fall quite close to the asymptote f rom linear theory (ref. 12), shown as the line 
drawn from the center of the cavity to the moving wall. The path of the instantaneous 
vortex centers moves far ther  downstream before turning down at the wall  and then up
s t ream as Reynolds number increases.  

Flow visualization. - Numerical flow visualization motion pictures were made fo r  
each of the runs. Selected f rames  f rom two motion pictures have been chosen to illus
trate the numerical flow visualization experiments. Figure 26 is for a square cavity at 
a Reynolds number of 100. The first f rame shows the initial distribution of four parti
cles pe r  cell  at the start of the calculation. The remaining f rames  show that the fluid 
close to the upper moving surface is dragged along by the upper surface and forced to 
turn down at the right wall. The fluid flows along the right wall, gradually turning back 
to the left and then upward, only to be  directly influenced by the moving surface and 
dragged to the right again. 

F rames  from a positive print of the motion picture of flow in a cavity with an aspect 
ratio of 2 at a Reynolds number of 100 a r e  given in figure 27. The f i r s t  f rame shows the 
initial distribution of one particle per  cell. Succeeding f rames  show the development of 
the flow at  dimensionless t imes of 1, 2, 3, 4, and 10. 

The circulatory nature of the flow is evident in these figures, even though it is seen 
much more dramatically in the motion pictures. The effect of the moving wall can be  
seen to propagate into the cavity with time. The lower portion of the cavity remains 
relatively quiescent, even at a dimensionless t ime of 10. Later f rames  show the.begin
nings of the development of the weak vortices. The smal l  triangle above the cavity is 
used to show the velocity of the moving wall in the motion picture. 
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(a)  Time, 0. lb) Time, 1. 

(c) Time, 2. (d) Time, 3. 


Figure 26. - Numer i ca l  flow v isual izat ion experiment. Square cavity; Reynolds number,  100. Dimensionless time. 
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(e) Time, 4. tf) Time, 5. 

(g) Time, 6. ( h )  Time, 7. 

F igure  26. - Continued. 
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(i)Time, 8. Cj) Time, 9 ,  

(k) Time, 10. 


Figure 26. - Concluded. 
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(d) Time, 3. (e) Time, 4. (0 Time, 10. 

Figure 27. - Numerical flow visual izat ion experiment. Aspect rat io of cavity, 2; Reynolds number, 100. Dimensionless time. 
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CONCLUDING REMARKS 

A computer program to solve the unsteady, two-dimensional, incompressible 
Navier-Stokes equations was written. The program was used to investigate unsteady 
flow in a rectangular cavity with a moving wall. The calculations started with the fluid 
at rest in the cavity and continued until no further changes in velocity occurred. 

Flow in  cavities with aspect ratios of 1/2 and 1 and in the upper par t  of a cavity with 
an aspect ratio of 2 were s imilar  at a Reynolds number of 100. This was t rue of the un
steady, as well as the steady, flow. 

As the Reynolds number increased f rom 100 to  500 in a square cavity the inviscid 
portion of the flow occupied a progressively larger  portion of the cavity. At all these 
Reynolds numbers the inviscid portion of the flow about the vortex center increased 
during the initial period. 

F o r  a square cavity'the path of the instantaneous position of the vortex center ap
proached the downstream wall more closely with increasing Reynolds number, even 
though the terminal position of the vortex center moved closer to the upstream wall. 

No stability problems were  encountered in any of the runs. The velocities at large 
t imes were  compared where possible to  velocities calculated from the steady Navier-
Stokes equations o r  the resul ts  of steady experiment; generally satisfactory agreement 
was shown. 

A numerical flow visualization experiment was described. This technique uses  
marked particles to show the motion of the fluid. A microfilm recorder is required in 
order  to display and photograph the particles. At the end of a run the sequence of photo
graphs can be projected as a motion picture which shows clearly the development of the 
flow. The coding necessary to perform such an experiment is included in the computer 
program for  solving the Navier-Stokes equations. 

Lewis Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, February 1, 1971, 
129-01. 
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APPENDIX A 


SYMBOLS 


Mathematical 
symbol 

d 

i 

n 
-
P 

r 
-
t 

t 

U 

-
V 

V 
-
W 

W 

-
X 

X 

-
Y 

Y 

6 t  

FORTRAN Description 
symbol 

D correction term,  eq. (13) 

body force in E- and 7-directions 
-

GX, GY dimensionless body forces,  Lg/wz 


H dimensionless cavity length in y-direction 


r subscript indicating y-position 


J subscript indicating x-position 


reference length (length of moving wall for  cavity flow) 

superscript  indicating nth t ime step 

pressure 

superscript  indicating qth iteration 

abbreviation, eq. (17) 

t ime 
-I 

dimensionless time, W t/  L 

velocity in Z-direction 

dimensionless velocity in x-direction, ;?/w 
velocity in 7-direction 

dimensionless velocity in y-direction, ./E 
reference velocity (velocity of moving wall  for cavity 

flow) 

dimensionless cavity length in x-direction 

horizontal direction 

dimensionless horizontal direction, E / z  

vertical direction 

dimensionless vertical direction, y / x  
time step 
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------- 

E 


Mathematical 
symbol 

6X 

-
V 


1 V 

I

I -


P 

FORTRAN 
symbol 

DELX 

DELY 

PHI 

OMEGA 

Description 

space increment in x-direction 

space increment in y-direction 

fluid kinematic viscosity 

dimensionless kinematic viscosity 

fluid density 
- -2dimensionless pressure,  P/pW 

relaxation factor 
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APPENDIX B 

DESCRIPTION OF COMPUTER PROGRAM 

The three major calculations performed by the computer program are the solutions 
of the equations for pressure  and for both velocities. Additional calculations are re
quired to determine the position of the vortex center and for  particle movement, plotting 
routines, etc. Since the continuity equation will not be satisfied exactly, the d. 

1, J
. wil l  

not in general be identically zero. It is necessary,  however, that the continuity equation 
be satisfied sufficiently closely a t  each t ime step. Following Harlow (ref. 4), we make 
s u r e  that each d. . is smaller  in absolute value than 3 . 5 ~ 1 0 - ~ .  

1, J
The Poisson's equation for pressure  will be solved iteratively. In order  to expedite 

convergence, successive overrelaxation (see ref. 17) is used. With the introduction of a 
relaxation factor o,equation (16) becomes 

where the superscript  q indicates the qth iteration. The most recently computed 
values of the cp shown without superscripts are used. A relaxation factor of 1 .8  has 
been used without any attempt at optimization. 

The iteration is continued until the field converges to some desired degree. Satis
factory results have been obtained when the criterion suggested by Harlow (ref. 4 )  

is satisfied at each point. 
The velocities are calculated explicitly so  that the t ime step is limited by stability I 

conditions. Hirt (ref.  18) has suggested approximate cr i ter ia  

v > -1 6t u2 
2 

and 

1v > - 6 x  2 -au 
2 3X 
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------------- 

l 

B3 	 where u is the average maximum fluid speed and Su/?x is the average maximum ve

locity gradient in the direction of flow. Equation (B3) indicates a t ime step of 0.02 for  
a Reynolds number of 100. Equal space increments were used to give a 20 x20 mesh and 

l it was observed that equation (B4) was satisfied also. The same  time and space incre-
P 
I 

ments were also found to be satisfactory for Reynolds numbers as large as 500, indi
cating that these cr i ter ia  are somewhat conservative for  this cavity flow. 

It remains to expand t e rms  such as u. 
1,3. 

prior to coding. Capital let ters are used 
to  represent the FORTRAN notation for  the finite difference variables. Since fractional 

1 subscripts are not allowed, U(1, J) is used for  ui, j+1,2 and V(1, J) is used for  vi+1,2, j; 
the other variables are cell-centered, so  that arguments (I, J) represent (i,j ) .  

The computer program was written to be run on an IBM 360 Model 67 computer in 
the time-sharing mode. Unless the program is being restarted,  the BLOCK DATA sub
program named CBLKC must be loaded before the main program named MAIN. Addi
tional routines are required for  calculating running t ime (CPUTIM), microfilm plotting 
(LRGON, LRCNVT, LRGRID, LRANGE, LRCHSZ, LRLEGN, LRXLEG, LRYLEG, 
LRTLEG, LRCURV, LRMRGN, LRMON, LRMOFF, LRNON, LRNOFF, LRSON, 
LRSOFF) given in reference 19, and drawing isometric views (PLOTJD, ROTATE) 
given in reference 20. 

Out1ine of Computing Procedure 

An outline of MAIN is given below. The names of SUBROUTINE o r  ENTRY calls 
a r e  listed at  the right. 

(1)Read and write the input data. 

( 2 )  Calculate constants that will be needed. 

( 3 )  Calculate and plot the initial particle positions. 

(4)Calculate D and R at t ime T. 

( 5 )  Calculate P H I  at t ime T + DELT. 

(6)  Calculate U and V at t ime T + DELT. 

(7)  Calculate the position of the vortex center. 

(8) Calculate and plot the new particle positions. 

(9)  Print  D, U, V, and PHI if T = 0, 1, 2, 3, . . . 


(10) If T < TLAST, return to step 4; if T = TLAST, 
prepare final prints and plots. 

INIT, CONSTT 

PART, PRINT1 


DANDR 

PRESS, ITER 


UANDV 

VTXCTR 


MOVE 

PRNTN 

PRNTF 


35 




Input  

NAMELIST is used for  data input; the variables, with default values listed at the 
right, a r e  any o r  all of the following: 

DELX, DELY space increments 0.05 

DELT time step 0.02 

W depth/width ratio of cavity 1.0 

TLAST dimensionless t ime at which to end calculations 2.0 

VISC kinematic viscosity 0.01 

OMEGA relaxation factor 1 .8  

MOVIE logical variable, t rue if  a motion picture is desired .FALSE. 

SECOND logical variable, t rue if  program is being restarted .FALSE. 

NPPC number of marked particles per  cell  1 

output  

Marked-particle positions a r e  recorded at every t ime step in the calculation. 
Printed output, consisting of all values of D, U, V, and PHI is generated at T = 0, 1, 
2, 3 ,  . . .. At the end of the calculations, microfilm plots are made of the instanta
neous positions of the vortex center. Horizontal and vertical  velocity t raverses  through 
the vortex center and an isometric view of the pressure  field a r e  also plotted. 

The printed output from the final time for the default values of the input variables is 
given in appendix C. 



APPENDIX C 

OUTPUT FROM SAMPLE PROBLEM AT DIMENSIONLESS TIME 2 
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-,-. ? l u 6 E - a  3 -0. 1 5 5 4 ~ - c 3  - 6 .  r 7 z ~ i r - c ' 4  


-, .,PI '  4 [ -c, 3 C .7 7 II 4 F- 5 3 C . 9 h  h 3F -C 4 

- 9 . 7 7 1 5 r - c 4  i . l 5 3 H E - , l 4  - 0 . h 2 9 4 f - 0 4  


r.. % 7 1 4 ~ - ~ 4 
-C .7474E-34  - i . 4 5 4 H C - C 4  
- j .9 3 n b F - 3 4  -6.3 7i,7E-G4 -5  .I21 h e - 0 4  
0. 7 1 k 5 r - 0 4  0 . 2 9 5 6 E - 3 4  6 . 1 1 5 5 E - 0 3 
-*.7 1  34E-G4 - ? - 5 1 1 4 E - 0 4  : . 152Cc-04  


- r .  I L ~ F - O ~ .  0.2 7 0 1E-" 4 C .5 3 4  7 F - 0 4  

-C.  1 4 2 2 t - 0 3  5 .596hE-14  3.47 1 5 r - Q 4  

-P .47 1 4 r - 7 4  o . 7 4  ? R  F - 0 4  r . 7 1, cIr -o 5
->.137OC-C4 l>.34H7E-.:4 -C.71CKF-04 

8.4?"2E--04 (.2CC9F-c14 -0 .67MRF-04  
3 . 1 6 5  1F - 0 4  - , ? . I  I O I F - J P  o . a i 5 4 c - c +  


-0. I1P4E-05 -?  .6 7 4 I E-q 4 -c - 9  7 5  4 6 - 3 4  

-'s. 1 8 7 7 E - 0 4  0.4 I 4 3F: - 3 4  -i,. 1 5 3 2T -0 4 

-1.4 I57 F-C4 -C.l2'JRE-O3 -0 .11ROF-01  
-0.7 134E -U 4 -0. 17 9 1 1 ~ - 0 4  c. 3 q f l r c - 0 4  
-Q.26R4F-d4 -G . I 2  3 3E- 0 3 - 0 . 5  3 4  7'-04 

-0. w 4 r - 0 4  0 . 3 6 6  OE -0  4 -3 .2 2 17 c - 0 4 
--.I b4  3E-04  - C . 1 4 9 9 � - 0 3  -C . f l 75CF-J4  

r .I I6 7 F -04  - r ' .  5 i o  R E - 3 4  -r  .s 4 6 c t  -r> 4 


-r. 7 4 7 1 ~ - 0 4  -C.h717E-,4 -C .4hh4F-C4  

- r .  3 ~ 1 . w - 3 4  -9 .?4?OF-C4  0 . 1 4 1 7 F - 0 4  

-C .7717F-14  - 0 . ? l G Z L - 1 4  -C .4217F-34  

- ' I .  ? 7 4 ? E - 0 4  - 0 . 3 0 7 0 E - 0 4  - 6 . 6 4 3 7 E - 0 5  

_ _ 1...1 r x i 1 - 0 3  r .?qPOF-Oh - 0 . 6 2 0 5 C - 0 4  

-;. / 0 4 4 r - ~ 4  -I,.7 l Q 7 F - J 4  -0 .17 r )4F-04  

-I.1 4 x 9 F - 0 4  - r .9  3 9 SF -1 4  -0.2 I 0 4  c-"4 
-.:.5 1 6 2  E-34  0 . 1 7  ? 3E- 0 4  - 0.2 5 ? 7r  - '04 

-(;.1 3 7 0 1 - 5 4  - 0 . 7 R H l E - 0 4  -f. . 7 h ? 5 c - n c  

-u . 4 h  5 4r  -Q 4  -C. 3 7 5 5 E - 0 4  0 . 6 0 1 h C - 3 5  

- ; . + , I  7 6 C - 1 4  - 0 . 1 3 I h E - 0 4  - 0 . 4 4 T E F - 0 4  

- I . 3~ 7 1  r - 0 4  - 1 . 1 9 6 7 F - 0 5  -C .3?47C-14  
- 0 .  f.(OC F - - 3 4  -C .4157E-34  -C. I h h ? f - b 4  
- ! .5 7 9  I E -n4  i . 5 1 6 c E - 5 6  - c . ~ > 0 7 r - (  4 

-I.IISIF-O~ - ' . 4 7 l I E - ' ) 4  - C . l I  5 1 C - i 4 
-".7 s  7 5 F - 0 4  - L . ~ & s ~ F - J ~ 
-0 .2717r -14  
:.s . l t v  3 r -2  5 - 0 . h 4 C 7 F - 3 5  :. l l ' > ? F - ' 3 4  

-,.4 26 4 c  -04  - a  . 1 3 5 7 ~ - ~ 4- ~ . 2 7 o q r - ~ 4  

- P .  7 31 zr - 9 4  -i.3 1 3 5 t - l i ~  - r . 4 4 3 ~ r - 0 4  


I 1  
- 0 . 7 2 1 5 ~  nr  - 1 . 1 7 l I F  >O - ? . 1 7 1 W  C "  
-0 .??49F-01  - 0 . 1 7 8 5 1 - 1 1  - ; . 1 1 7 7 f - n l  
- r . i i o w  oc -0.27117F d0 - ( . Z I C L E  CO 

- - . 9 3 9 5 c - c  I - 3 . 4  3 7 7 F - 1  I - 7.1 1 7 7 t  - 0  1 

- r . i 7 L 5 ~  or^ - ~ . ? n ? i , ~3,) - ~ . 7 1 o o c  ',) 

-,l.7 14 hF -C, 1 -C .SQ12F-OI  - C . 4 b h 7 i - O I  

- 0 . 9 7 4  ? E - ?  I - 0 . l h 3 5 i  ;o - G . ? ' i  4 F  T 3  


-0 .R73HF-C l  -0 .b l h  3F-0 I -3 . S  34h;-1 '  I 

- 1 . 5 P S  I F - c  1 - r . i i c i E  10 - ~ . 1 7 ~ 5 ~ 
ii 

-C .* h  IO r -3 1 - p  .h 9 q  I F - 3  I -J. 5 5  3 6 r - j  I 

-0.4 1h 5 r  - 0  I - ( . 1 0 5 4 , '  G O  - 0 . 1 4 " " F  fir 


-c. e i 5 5 r - o  I -I. h i h ~ c -3 I - r . .  z i 4 (  r - 11 

-?. 7 3 4 9 F - 0 1  - c . e 6 3 ? ~ - ' i i  - c .12u r r  0; 

- n . 7 7 n ? F - a 1  - 3.6 I 7 5 t  - 3 I -C . 4 R  3hF -3  1 

-c .ZO 38 F-0 I - b . T l h h E - ' J l  - U . I l I ? T  *.'I 

- n . 6 7 1 ? c - o 1  - G . 5 2 A  3 f - C  1 -i . L l f . O E - 3 1  

-0. ?iueF-rI - 0 . 5 U * G E  - ! I 1  -L. 9 5 R O F - 3 1  

->. 5 3 9  1r -? I - l2 .c ' - lnF-Ol  -c .  1-.56C-11 

- 0 . l h 7 1 F - O I  - 1.4 95?F-. l  I -C .r I 4  7 E -31 
- C .  37 : !b t -# i l  -0. 2 h l  7 C - ' J I  -9. I R (  6V- -11 
- 1 . 1 7 5  1F-s?  1 - (  . 7 9 1 > r - d i  - T . ( ~ s R ~ c - ~ I I.. 
-0. l h 1 7 t  - 3 1  -3 .9  l u 4 F - h 7  -5.3237;-3? 
-C.  782t.F-97 - ' .?7 ,3E-31  - O . 4 6 7 O F - f l l  

0 .R 9 r l  't F -C 7 . I Z h ? E - l l  0 . 1 3 4  IF-IJ 1 

-0. IPC~TE-C? - ~ . 1 1 3 A F - 3 1  - 0 . 2 1 1 2 F - ~ l  

0 . 3 7 5 5 F - i  I .'.1L,4CE-O1 0 . 3 0 9 7 F - 1 1  
o . h 1 8 3 ~ - 0 2  I'.I > l j l F - r ) l  0 . 1 4 L l C - ' ? I  
0. h 7 R 4 E - 0  I 0 . 5 9 2 5 F - 0 1  0 . 4 7 7 7 F - 0 1  

3 . 1 7 4 1 F - J  1 C . 4 0 " l t - O l  3.h424F-CI 

0.9591F-01 C. 79CR F-3 1 0.61 44F-81 1 

0 . 3 3 R O F - 0  I 0 . 9 3 ~ 7 C - I I l  C.1364F 'JO 

9 . l l b 3 F  110 C .107 3 E- 0 I 0. b9 i 7F- ,: 1 

C . h 0 3 4 F - 3  I C.1449E 00 0 . 2 3 7 7 i  2 5  

0 . 1 2 2 ~  (11- 0.9 I HRF- 01 0. hH04F -0 I 

0 .115PE 0C 0.7SR7.E 13 C..3bGhC 0 C  

o . 1 0 7 7 ~  IC 0 . 7 8  7 BE- J 1 C .5 7 0 6 F  -0 1 

G.2433F  ' I O  3 . 4 0 5 7 F  00 0 . 4 6 R 4 r  30  

n .73CBE-01  0.52?9�-0  1 5 . 3 1 2  7 E - 0 1  

C.3402F  OC 0.39R7E 00 0.3513G O C  
3 . 2 4 0 9 F - 0 1  O.1759E-01  U .121RF-01  
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I , . l ch l I  C T  i . 7 9 5 r F  Or) 

-'> ,6543 t - l l  
-i) .3 5 3l.E -3 I 
- 3 . 4 7 3 4 F - 3 1  
- 1 . 4 5 7 P F - 0 1  
-1.7 7 5 1  F -3 I 
- C . 6 1 3 1 F - O 1  
-5.37sCF-O? 
-L. 72 8 9 E - O l  

C.217CF-CI l  
- 3 . @ 3 7 5 F - ? l  

7.4 5 Q Z F - 5 1  

- 6 .  d 7 4 4 F -2  I 
0 . 2 0 I O k  3C 

-2 .h 5 I C  f -'J 1 

-1 
1: 

I 
' C  
: I  

3 2  
-I I 
3'1 
? I  
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COMPUTER PROGRAM LISTING 
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--- 

IF( .WT.  s F c n w )  T = ~ . o  
C----- C A L C I J L A T F  T H E  C O N S T A N T S  N E E D E D  I N  T H E  V 4 R I O V S  S U O P C U T I N E S  

C A L L  C O N S T T  
IFI: S E C n N D )  GT! TO 7 5  
T F  I R S T = O  .O 

C -----P R I N T  I D E Y T I F Y I W  I N F Q R M b T I O h  A B C l J T  T H E  R U N  A N D  C E S C Z T P T I V E  
C- - - - - Y A T E R I A L  F O R  T H F  Y 3 V I E  

5 	 C A L L  I N I T  
I F ( Y C V I F 1  C A L L  L E A G E R  
I F ( S E C r 1 N D )  G O  117 h 

C----- C A L C L J L A T E  I N I T I A L  P A R T I C L E  P D S I T I O Y S  
C A L L  P A R T  

C-----PI: I N T  I N I T I A L  P A R T I C L E  P O S I T I O N S  
C 4 1 L  P R N T I  

c--	 S T A R T  n F  C E L C U L A T I C N  L f l C P  
L =  1 
K = 2  
r F I R S T = D E L T  
Y f  I r l S T = l  
GO TC' 7 

h T F  I Y S T = T + D E L T  
NF I R S T = (  T + D E L T + 0 . 0 0 1 1  / r ) E L T  

7 DO 14 N = N F I R S T t Y L A S T  
T = T F I R S T + F L O A T ( N - Y F I R S T  ) * f lFLT  

C----- C A L C U L A T E  0 AND R FP.OM U A V O  V A T  T I M E  T 
C A L L  O A N D R  

C----- C A L C U L A T E  P H I  A T  T l M E  T + D E L T  
C A L L  P R F S S  

C----- C A L C I J L A T E  Id A N D  V AT T I M E  T + I ) F L T  
C A L L  U A N D V  

c----- C A L C U L A T E  T H E  P O S I T I O N  CIF THE V @ R T E X  C E N T E R  
C A L L  V T X C T K  

r,----- PTIVE P A R T I C L F S  
C A L L  M O V F  

c. -----P R I N T  NFW P A R T I C L E  PUS I T  IDWS 
C A L L  P R N T N  

A I F ( A P S ( T - A C H G ) . L T . O . O O l ~  G O  TI7 17 
1 3  GO T O  ( l l p l 2 ) t L  
11 L =  2 

K =  1 
GO T O  14 

12 L =  1 
K =  2 

14 C D N T  I N I J F  
G O  TI? 9 

17 C A L L  C P I J T I Y ( N 2 )  
C-----	 K I J N T I Y  IS CPU T I V E  Ir\l M I P J l J T E S  

R U N T I M = F L O A T ( Y 2 - N 1 )  / 1 G O @ C 0 3 . 0  
W R I T E ( 6 v  1 5 )  T 
W K I T E ( 6 t Z R )  P U N T I M  
W R I T t ( h r 2 3 )  ( I [> (I r J I r I = 3 t J J ) r J = 3 1 J J )  
WR I T  � (6r 1 9  1 [ ( U  ( I t J t K 1 t J= 3 9 J J 1 t I = 3 r  II 1 

t ( V( i r . I t K  1 t J=3 r JJ 1 t I = 3  t I I )W R I T E  ( 6 ~ 1 9 )  

WR I T E ( S r  701  ( ( P H I  ( I J )  J = 7 * J J P l I  *I=.?* I I P 1  I 

W R I T E ( b r 2 6 )  

B A C K S P A C E  6 ,  

AC bG= A C HG + A  

W R I T  t ( 1u I T 9 Ut V t P H  1 9  D L r K t n C f l  Nv PCflhl, M A X  I T t 1 T E K f l  r I T FR I t 
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S U B R O I J T  Ih'F C C N S T T
* c----- C A L C U L A T E S  C f l N S r  A N T S  

c r!w nN o EL x ,DE LY ,DEL T w ,H T L A s T ,v I sc 13ME G A G x * GY 
I D F L X S O I  D E L V S Q r  D X 4 t D Y 4 r G  X D E L X r  G Y D E L Y  * V I  SC X * V I  S C Y  r C O V f l G  ,T jMGO7,  
2 XClY r X O Y  S 9 V X  r V Y  9 V X  Y T F O E 1  X t FDELY 9 T 3 Y  DY * 0x0 I>Y DY 0 O X  ,GY HGXW ,NL A S T  r 
3 K r L r  I 1, J J T  I I P l r  J J P l r  I I M l r  JJWl ~ N Tr T D E L P H I  *D , " rAX ~ C P N M A X I X M A X  9 N P A R T  

C O v V f l N / U V P / U  (449 4 4 r 2  1 r V I  44r 449 2 )*PHI( 449 4 4  I r D (  44.44) r P  ( 4 4 ~ 4 4 1  
1 D C ~ N I P C O N ~ M A X I T I I T E H ~ ~ .I T E R 1  r S O l H A X  

G X = O o O  

4 1  



GY =O -0  

D E L X S Q = D E L X * + Z  

D E L Y S C = O E L  Y * * 2  

DY 4=4 .O * D E L X  S O  

D Y 4 = 4 . O * D E L Y S Q  

G X D E L X = G X * D E L  X 

GY DE L Y= GY *D E L Y  

V I  SCX=2.O*VVTSC/3ELX 

V I S C Y = Z . O * V I S C / D E L  Y 


E----- OMEGA I S  T H F  R E L A X A T I O N  
Cflk’.’C)G= 1.0 - OMEGA 
OM GO Z=nM EGA/ ( 2 0 *( l . O / D E  
X O Y = D E L Y / ( Z  . C * D E L Y )  
X f l Y S = V  I SC *DE L X  /DE L Y SQ 
V Y = V I S C / D E L Y S Q  
V X = V I  S C / D E L X S Q  
V X Y = V I  S C / ( D � L X * D E L Y )  
F D E L X = 4  . O * D E L X  
F D E L Y = 4 . 0 * D t l Y  
T D X D Y = Z . O * D E L X * D E L Y  
DX O D Y = D E L X /  D E L Y  
f l Y f l D X =  D E L Y / D E L X  
GY HGXW= A R S  G V W  1 + AR S( G X *  
NL A S T =  ( T L A S T  +C 00 1 ) / D E L  T 
r r =  2.0 + HIDELY 
JJ= 2.0 + W I D E L X  
I IPl=II+l 
II M l = I  1-1 
J J P l = J J + l  
J JMl=J J-1 
R F T U R Y  
E N D  
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F A C T C R  

L X SQ+ 1 C / D E L  Y SQ 1 1 

W 1 



D I M F l \ ! S I O W  I N T 1 ( 7 1 r T ~ T 2 ( 2 0 ) r I N T 7 (1 8 )  1 I N T / + ( 1 4 I  r U K X ( 7 ) * 1 J N Y  (71 

D I M E N S I Q N  T I T L l ( 3 Q )  

D I M F N S t f l k  F K A Y X ( A I , F f < A M Y ( S I  

D I M E b ' S l f l N  XVEL(llI,YPOS(S),TPAR(l2) r Y V E L (  12)  r X P O S ( S ) r T P N D ( 1 3 )  

D I M E P i S  ION V C X P  (1609\ r V C Y P (  16OC) 

C U R E  = . F A L S E .  

D A T A  L A R A / 4 H  P R E I ~ H S S U R I ~ H E .  r 4 H W A L L 9 4 H  M C V 9 4 H E S  I V 4 H N  Y t 4 H D I R F v  


1 4 H C T I 0 * 4 H N .  / 

D A  T A  FR A V X / l  0 90 0 v 1 099 !l*
1 .  C 1 1 0 ~ 9 . 019 -01 
D A T A  FR AMY / F 1 0 0 6 6 p B  -066 * 1.9349 1 3 3 4 1  1 . 0 3 4 ~ 8 0 0 6 6 r1 9 3 4  1 A.066 / 
D A T A  V X C / ' P O S I T I C N  flF V f l K T F X  C E N T E R b C l I I P P F K  W A L L  M O V E S  FRClM L E F T  T 

10 R I G H T ' /  
D A T A  F I N / *  U C 9 $ D 4 6 R 9 6 K 9 $ R b T H F  F N D ' /  
D A T A  s v m n L / ' + ' /  
D A T A  WL/"3 ' /  
D A T A  C H A R X / ' X ' /  
D A T A  C H A R Y / *  Y '  / 
D A T A  C H A R T ( l I / '  T= * /  
D A T A  R X  ( 1I H X  ( 4 )  * a x (  cj 1 / 3 * 2 . 5 /  R Y  I 1 I* B Y (  2 )  5 I wz.5 1  
D A T A  X W / Z o G / r Y W / 2 * 5 /  
D A T A  I l F / ' S D M A X  = * / r C E / '  C O N Y A X  = ' /  
D A T A  IO/'IT�Rn = ' / . I K / ' I T E R I  
D A T A  I N T 1 / ' 6 D 3 8 R 9 $ 9 9 $ R 4 5 S q I  
D A T A  I N T 2 / '  S D 5 6 R 7 A G N D A G F X  = 

I b G N D b G F T  = h L 3 * /  
D A T A  I N T 3 / *  b D 7 B R 7 P S W N F S W F  = 

1 6L 6 '  / 
D A T A  I N T 4 / '  Z D 9 8 R 7 G B W N X S W F  = 

= * /  
Y P ( I T  D A T A ' /  

$ C 3 X X X X X X X X 6 R h $ ~ ~ D B G F Y= S K I  K X X X X X K X A R h  

l / V I ' j C f l S I T Y  = S L h  B R 4 0 M E G A  = 

$L 5 X  X X X  69 hC,$WN YSWF = % L 7 ' /  
D A T A  T I  T L 1 / @  A C 4 C R 9 8 K 9 S R 9 A 6 D 3 C  1 SCC!''4PlJTER S O L U T I  C1\151>3$L9bL2C)F T I 4 F t C 3  

1 b R 9  6P.311N S T FA fly V AV IE ?- S TOY E S FQ!JA T I !7N S$0 3 6L 9 6 L  L7 F/lr7 F L fib/ d D 3 8  L h I F\' 
3 A b 0 3 S L 9 S L 4 T W C l  D I M E N 5  I O N A L  C A V  I T Y '  1 

D A T A  UNX/Z2.0*  32. C / r  l J N Y / 4 n .  I) 948. i3/ 
D A T A  S V C U / * H ' /  
D A T A  X V E L / ' V F L O C I T Y  C I I M P C N F N T  PAr i f iLLEL TI3 M f l V I N G  W b l L * /  
D A T A  V P O S / ' V E R T I C A L  P O S I T I ! l N ' /  
D A T A  T P A P / ' V E R T I C A I .  V E L r C l T Y  T R A V F - Y S F  THQl3IJGI-I V r l R T E X  C E N T F P  * /  
D A T A  Y V F L / ' V E L C l C I  T Y  C O M P O N F V T  PFR.PENDICUL4R T U  Y C V I R C ,  \ . A L L ' /  
D A T A  X PO 5 / * li[?i?I 7O N  r A L  P O  S I T I Oh! ' / 
D A T A  T P I L D / ' H T R I  Z O N T A L  V E L O C I T Y  T R A V C J ' i - T I i Q n U G H  V f ' K T ! - (  I F ' . T f - Q ' /  
D A T A  B H f 3 R / 5 * *  ' f '  L E f l ' r '  3 f l V * * * f l V A ' J ' /  
V P R O F L  ( 1I=1.0 
Y n K Z P S ( l I = O . O  
V F R T P S I  1 ) = W  
D O  1 I = l r 1 5  

1 	L A R ( I ) = L A R A ( I )  
I R F= 1 0 / V  I SC 
I I W = I  1-2 
JJh'2=J J - 2  
F I  I Y 7 =  I I M 2  
F J  J M 2 = J  J M2 
F I I = I I  

FJJ=JJc 
X F.NG= JJ + 3 
Y H N G - I  I + 3  
I F I W - H I  61 71 A 

6 	xuP,c=3.5 
YMRG=?. 0 
GO T V  9 
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h + G X D F L X  

f i F T I J P N  

E N D  


S U R R f l U T  I N E  P R E S S  
r. c,-----C O N T R O L S  I T E R A T I O N  OF P f l I S S f l N ' S  E O U A T  I f l N  AND D E T E R M I N E S  C f l N V E R G E N C E  

C!lMMCN D E L  X 9 DE L Y * C E L T ?  W 9 t l r  T L  A S T  9 V I  SC ,OMEGA 9 CX r GY 9 

1 0 E L  X S r3 9 D E L  Y S Q 9 D X 4 r D Y 4  9 G XD E L  X 7 GY D F  L Y V I SC X r V I 5C Y rCOMOG 9 OMCtflZ r 
2 Y O Y r  XrJY S I  VX r VY r VXY r F O E L X 9  F O E 1  Y 9 TDXDY, D X O D Y r  DYCIDXr GY HGXW r NL. A 5 T r  
3 K r L r  1 1 1  JJ 9 I I P l r  J J P l r I  I M l r J J M l  r N r T 9 O E L P H I  r D M A Y r C O N M A X r X M A X  r N P A R T) 

IC O M M f l N / I I V P / I I  ( 449 44.2 ) r V ( 449 4 4 ~ 29 P H I  ( 44944 1 9 f l (  44,441 r H 144944)r4I 1 n C f l N T  PCCN, M A X I  T I  T T E R O .  I T E R  I r Sf lMAX 
D I  "FNS 1nN CnN ( 449 44)r T E  STI: 44944)* C O N S T (  44944) 
I L  = 2 + ( 1 1 - 2 ) / 2  
Dr! 3 6  J = 2 r J J P 1  
fln 3 4  I = 2 *  I I P l  
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36 C O N S T ( I * J ) =  G . ? ~ + ( ( U ( I T J I L I + U ( I T J - ~ T L I I ~ + Z  
1 + ( V ( I T J * L I + V ( I - I T J T C )  ) * * 2 ) + G Y H G X W  
IF( I T E P O . N E . 1  1 Gfl TO 3 1  
IF( I T E R I . F Q . 5  1 GO T O  31  
I T E R I  = I T E R I  - 1 

3 1  00 35 I C U T = l , M A X I T  
C----- M A X I  T I S M A X  I MUM NIJMBER O f  1T F R A T  1 3 Y S  

I T E R O  = I O l J T  
DO 32 I I N = l r  I T E R I  
C A L L  I T F R  

32 	C O N T I N U E  
Dfl 3 3  J = 2 r J J P 1  
on 3 3  1 = 2 r I I P l  

3 3  T F ~ T ( I T J ) =p H I ( I v J )  
C A L L  I T E R  
CONMA X=O. CY 

C---- -T E S T  FOR C O N V E R G E N C E  
DT! 3 4  J = 3 r J J  
D O  3 4  I = 3 r I I  
C O N ( I r J ) = A H S (  P H I (  I T J ) - T � S T ( I T J )  ) / I A B S (  P H I ( I * J )  1 

1 + A B S  I T E S T I I q J )  ) + C0NSTI I v . J )  1 
I F (  C O N (  I , J I  .GT.CflNMAX 1 C n N w A X = C O Y (  I t J I  

14 C O N T I N I J E  
I F (  Cf lNYAX.LE.PCnN ) GO TO 37 

7 5  C O N T I N U E  
I T E R O  = M A X T T  
RFTIIPN 

3 7  T S T  = 0.25* ( P H I  ( 1 L JJ 1 + P H I  ( I I9 J JP 11 + P H I  ( I L +  1, J J 1 +PH I ( I L  +ITJ J P  11 
CHG = 1 . 0 - T S T  

C----- Y O R Y A L I Z E  T O  P H I =  1.0 A T  C E N T E R  OF WALL O P P f l S I T E  M O V I N G  WALL 
DO 38 J=2r  J J P l  
DfI 3 8  I = Z v I I P L  
P H I ( 1 r J )  = P H I ( I v J )  + C H G  

38 C O N T I N U E  
RE T U R N  
END 
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5 1  




I I II . -

V C X ( K )  = X I  + ( X 2 - X l ) * R S  

R E  T U R N  

E N D  


SURROIJT TNE P A R T  
C----- G E N E R A T E S  I N I T I A L  P A R T I C L E  O I S T R I R I J T  I O N  

C V M f l O N  D E L  X 9 D E L  Y D E L  TI W T H TT L  A S T  IV I  SC TOMEGA 9 G X  T GY T 

1 D E L  X SQ 9 D E L Y  SQ T 0x4 v DY 4 G XDEL X 9 GY D E L  Y * V I SC X 9 V ISC Y T C  OMCK T O W O Z  T 

2 X f l V ,  XOY S T  V X T V Y  9 V X Y  T F D F L X  9 FOELY 9 T D X C Y  9 D X O D Y  IDY OOXv GYHGXW T N L A S T T  
3 K TI-r  I I T  JJ I TP 1t J J P  11II M ~ TJ J M  1*NIT * D E L P H I  T O M A X  9 C n N M A X  IX M A X t  N P A R T  

C f l M Y O N / U V P / ! 1 ( 4 4 *  449 2 1 9  V I449449  2 )  r P  H I  ( 449 4 4 )  T D  ( 44944) T R  ( 44944) T 

1 O C O N * P C O N * M A X I  T T 1 T E R O T  IT E R I  T S D M A X  
C O M Y O N / M I / M * M L A S T T Y (  1 6 O O ) ~ y (1600) 
C O M M O N / V C / V C X  ( 1500 1 t V C Y  ( 1500 1 T J C H (  50 1 T N P P C  
I IF(2T=2+1XI-2) 
H- 0 
I F ( N P P C . E Q . 4 )  Gn T O  6 2  

C-- -- O N E  P A R T I C L �  PER C E L L  ( D E L X = f l E L Y  1 
DO 6 1  J=3rJJ  
X J = J  
D n  61 I = 3 r l l  
Y I = I  
M = Y + 1  
X (  M )  = X J  

h l  Y ( M ) = Y I  
ML A S T = Y  
R F T l l R N  

C----- FfllJP P A R T I C L E S  P E R  C E L L  [ F ) E L X = D E L Y  1 
157 Dn 64 J = 3 t J J  

X J = F L O A T  ( J 1-00 2 5 
DO 6 3  1 ~ 3 9 1 1  
Y I = F L O A T ( I ) - 0 . 2 5  
Y=M+ 1 
X ( M ) = X J  

Y [ M ) = Y t  

X ( V + I I Y 2 T ) = X J + C l 0 5  

Y [ " + I  I M 2 T  ) = Y  I 

H = V + 1  

X (  M ) = X J  
Y ( )=Y I+O. 5 
X (  M t l  I W 2 T ) = X J + @ . 5  

67 Y (  M + l  T M 2 T ) = Y I + 0 . 5  
V = V + I I Y 2 T  

64 	C O N T  I N l I F  
ML AST=M 
R E T U R N  
E N D  
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Lewis Motion Picture (C-271) is available on loan. Requests will be filled in the 
order  received. 

This tutorial motion picture “Computer- Generated Flow Visualization Motion 
Pictures” (12min, color, sound) shows how a computer solution of the equations of 
fluid motion can be presented as a calculated flow visualization experiment. A motion 
picture of the flow is made by using special particles that are moved with the fluid, 
displayed on a cathode ray tube, and photographed with a motion picture camera. 

Lewis Motion Picture  C-271 is available on request to: 

Chief, Management Services Division (5-5) 

National Aeronautics and Space Administration 

Lewis Research Center 

21000 Brookpark Road 

Cleveland, Ohio 44135 


Please send, on loan, copy of Lewis Film C-271. 
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NATIONAL AND SPACE ADMINISTRA?AERONAUTICS ION 

WASHINGTON,D. C. 20546 
OFFICIAL BUSINESS FIRST CLASS MAIL 

P E N A L T Y  F O R  P R I V A T E  USE 5300 

POSTAGE AND FEES PAID 
NATIONAL AERONAUTICS AND-

SPACE ADMINISTRATION 

07U 001 3 3  51 3CS 71.10 00903 
A I R  F C R C E  WEAPCNS L A B O R A T O R Y  /WLOL/ 
K I R T L A N D  AFB, NEk MEXICG 87117 
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ATT E. LOU B O W M A N ,  CHIEFvTECH. L I B R A R Y  

If Undeliverable (Section 158 
Postal Manual) Do Not Return 

"The aeronautical and space activities of the United States shall be 
condticted so as to  contribute . . . to  the expansion of human knowl
edge of phenoiiiena in the atmosphere and space. T h e  Administrcrtion 
shall protide f o r  the widest prrrcticable and appropriate dissemination 
of inforrtiation concerning its activities and the r e d s  .+hereof." 

-NATIONALAERONAUTICSAND SPACEACT OF 1958 

NASA SCIIEN'lXIFPC AND TECHNICAL PUBLICATIONS 

TECHNICAL REPORTS: Scientific and 
technical information considered important; 
complete, and a lasting contribution to existing 
knowledge. 

TECHNICAL NOTES: Information less broad 
in scope but nevertheless 6f importance as a 
contribiition to existing knowledge. 

TECHNICAL MEMORANDUMS: 
Information receiving limited distribution 
because of preliminary data, seciirity classifica
tion, or other reasons. 

CONTRACTOR REPORTS: Scientific and 
technical information generated under a NASA 
contract or grant and considered an important 
contribution to existing knowledge. 

TECHNICAL TRANSLATIONS: Information 
published in a foreign language considered 
to merit NASA distribution in English. 

SPECIAL PUBLICATIONS: Information 
derived from or of value to NASA activities. 
Publications include conference proceedings, 
monographs, data compilations, handbooks, 
sourcebooks, and special bibliographies. 

TECHNOLOGY UTILIZATION 
PUBLICATIONS: Information on technology 
used by NASA that may be of particular 
interest in commercial and other non-aerospace 
applications. Publications include Tech Briefs, 
TEchno~ogyUtilization Reports and 
Technology Surveys. 

Details on the availability of these publications may be obtained from: 

SCIENTIFIC AND TECtiNICAL INFORMATION OFFICE 


NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

Washington, D.C. PO546 
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